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Abstract:
Recently, a number of variable impedance actuator designs have been proposed under different
motivations (safe human-robot interaction, mechanical robustness and energy storing to cite a
few). In a recent paper (Berret et al. (2011)) we observed that none of the available designs
seem to reproduce an important characteristic of human muscles, i.e. the ability to open-loop
reject disturbances by means of muscle co-activation. Starting form this observation, we recently
designed a novel single-joint actuator (nr-VIA) based on the use of non-linear springs in agonist-
antagonist configuration. In this paper we discuss some control related characteristics of the
proposed design. The theoretical analysis is conducted without specifying the potential energy
of the springs. We first design a control law capable of monotonically increasing the joint-stiffness
(i.e. disturbance rejection) without changing the joint equilibrium configuration; this result is
obtained with minimal requirements on the potential energy of the springs. The same control
law is then proven (under more restrictive conditions) to monotonically decrease the sensitivity
of the joint equilibrium with respect to the actuation variables, a desirable property when trying
to achieve a finer control over joint positioning.

Keywords: Actuators, passive compensation, disturbance rejection, springs, sensitivity
functions, variable impedance actuators, actuators in agonist-antagonist configuration.

1. INTRODUCTION

One of the most important features of a system capable
of working in uncertain and unstructured environments is
active compliance, or the ability to change the body force-
displacement characteristic. Today’s robots are excellent
machines, but are still not able to interact with their sur-
rounding environment, especially when this environment
is unstructured. Recent human studies have shown the
fundamental role played by muscle co-activation during
manipulation tasks (Burdet et al. (2001)) in dealing with
unpredictable events. In particular the possibility to vary
the stiffness of shoulder, elbow and wrist allow humans to
interact easily with fast changing environments and reject
unpredictable noise disturbances.

Inspired by these findings, in the last decade roboticists
have started designing actuators capable of actively vary-
ing their intrinsic compliance, with the intent of repro-
ducing in modern robots the same control capability that
humans have, i.e. the ability to change the body intrinsic
compliance. These actuators have been sometimes named
variable stiffness actuators (VSA, Franklin et al. (2007))
or variable impedance actuators (VIA) or actuator with
adjustable stiffness (AwAS, Jafari et al. (2010)), just to
cite a few. All these designs, were inspired by three main
motivations: energy storing capability, safe human-robot
interaction and mechanical robustness. Inspired by these
ideas, we recently proposed (Berret et al. (2011)) a differ-

ent point of view, suggesting that compliance regulation
might also represent a way to deal with unpredictable
disturbances in absence of explicit feedback loops. Our
main motivation comes from the observation that humans
and animals, although slow in closing position feedback
loops (typical delays are in the order of one hundred
milliseconds), are able to interact easily and reliably with
highly unstable force fields Burdet et al. (2001). In order
to replicate a similar capability in robots, we recently
designed a novel actuator based on an agonist-antagonist
configuration. In this paper we present some control prop-
erties of this actuator, named Noise Rejecting - Variable
Impedance Actuator (nr-VIA) to underline its intrinsic
property of dealing with unpredictable events. The specific
design choices adopted in the nr-VIA, will be kept out
of the present paper because they are currently under a
patenting procedure. The main goal of the work will be to
present some characteristics of the the proposed actuator
which turn out to be very useful in controlling the actuator
itself.

The paper is organized as follows. After a preliminary
discussion on the analogies between the proposed actuator
and biological muscles, Section 3 presents the dynamical
model of the actuator based on an under actuated joint at-
tached to an agonist and an antagonist motor group. Sec-
tion 4, deals with the problem of computing the agonist-
antagonist coordination (i.e. muscle co-activation) in order
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Fig. 1. Hill muscle model (right hand side) and an equiv-
alent model (left hand side).

not to change the joint position. Section 5, shows that
the very same agonist-antagonist co-activation monotoni-
cally increases the joint stiffness, i.e. its intrinsic torque-
displacement characteristic. Finally, Section 6 shows that
muscle co-activation can also be used to decrease the
sensitivity of the joint equilibrium with respect to changes
in the agonist (or antagonist) activation.

2. MODELING THE ACTUATOR

The main properties of the biological muscles have been
reported by Hill and Gasser (1924) using the model repre-
sented in the left part of Fig.1, used to model the tension
dynamics of various isolated frog muscles. It can be proven
(see McMahon (1984) pag.23) that its mechanical model
is equivalent to the one shown in the right part of Fig. 1
and therefore the overall muscle force can be written as:

F = FSE(KSE ,∆j) = FPE(KPE , ϑj) + P (Lj , f(t)),

where KSE is the series nonlinear elastic element, KPE is
the parallel nonlinear elastic element which in series with
KSE account for the passive tension properties of the mus-
cle and P is the active force generated by the contractile
element depending on the muscle history activation f(t)
and the overall length Lj .
During the actuator design we concentrate on two main
characteristics of the mechanical muscle model: the pos-
sibility of finding a close path that connects the frame
to the actuator endpoint and the capability of varying
the stiffness independently from length. In reflexive mus-
cle this regulation, as suggested by Feldman (1966), is
done controlling the system as a nonlinear spring with
adjustable resting length. Thus our goal has been to design
a mechanism composed by a nonlinear spring in series with
a structure composed by a contractile element in parallel
with a second nonlinear spring having the possibility of
varying the resting length of the series element. As shown
in Fig. 2 we came out with two different solutions both
composed by two springs and a cable winder. In particular
the “piping winder” works transferring cable from one
spring to the other, while the “counter winder” stretches
or releases both springs at the same time. To compare
the two working principles, it can be useful to consider
the effect of a clockwise rotation of the motor winder ϑ
(keeping the joint angular position q constant): for the
“counter winder” both springs are stretched increasing
their stiffness, while the “piping winder” stretches only
the spring KPE transferring cable to the opposite one.

Let’s compute the dynamics of the two different designs us-
ing the Lagrangian formalism. Variables have the meaning

(a) Counter winder

(b) Piping winder

Fig. 2. Different cable winders

shown in Fig. 2, ϑ is the position of the contractile element,
τϑ is the associated torque, q is the joint position, τq the
associated torque, Iϑ the inertia of the contractile element,
Rϑ the radius of the pulley at the contractile element, Rq
the radius of the joint pulley, Iq the joint inertia, U1 and
U2 the potential energies of the springs and l1 and l2 their
length. To simplify the notation let’s define a flag variable
λ to take into account the different configuration of the
springs:

Piping winder: λ = +1, Counter winder: λ = −1.

The kinematic energy is given by:

K =
1

2
Iϑϑ̇

2 +
1

2
Iq q̇

2,

while the potential terms:

U = U1 + U2

U1 = U1(l1) = U1(−Rϑϑ)

U2 = U2(l2) = U2(λRϑϑ−Rqq).

By applying the Lagrangian formalism is possible to obtain
the following system dynamics:
Iϑϑ̈−Rϑ

∂U1

∂l1
(−Rϑϑ) + λRϑ

∂U2

∂l2
(λRϑϑ−Rqq) = τϑ

Iq q̈ −Rq
∂U2

∂l2
(λRϑϑ−Rqq) = τq

(1)

In the case of linear springs is possible to use the following
simplification:

∂U

∂l
= Kl,

Furthermore assuming Rϑ = Rq = 1 the system (1)
becomes: {

Iϑϑ̈+K1ϑ+K2(ϑ− λq) = τϑ
Iq q̈ +K2(q − λϑ) = τq

.
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Considering a constant load τϑ = τ̄ϑ, τq = τ̄q and the

system at equilibrium ϑ̈ = q̈ = 0 (note that since λ = ±1,
we have λ = λ−1):{

K1ϑ+K2(ϑ− λq) = τ̄ϑ
K2(q − λϑ) = τ̄q

→ K1ϑ− λτ̄q = τ̄ϑ → ϑ =
τ̄ϑ + λτ̄q
K1

and from second equation:

q =
K1 +K2

K1K2︸ ︷︷ ︸
Series K1andK2

·τ̄q + λ
τ̄ϑ
K1

. (2)

Remarkably, the equivalent stiffness felt at the joint side
is the series of K1 and K2 regardless of the chosen con-
figuration. Between the two solutions the counter winder
has been chosen because of the possibility of stretching
both springs at the same time avoiding tendon collapse
problem during joint q movement and increasing the over-
all path stiffness. In the next section we connect a second
muscle to the joint in order to have an agonist-antagonist
configuration.

3. EQUILIBRIUM CONFIGURATION

In this section, we characterize the equilibrium configu-
ration of the agonist system represented in Fig. 3. The
variable to be controlled is represented by q, the joint
position, for which no direct control is available. Actuation
is instead available on ϑ and ϑa to be thought as internal
variables. The system dynamics are:

Fig. 3. Complete system with antagonist muscle



Iϑϑ̈−Rϑ
∂U1

∂l1
(−Rϑϑ)−Rϑ

∂U2

∂l2
(−Rϑϑ−Rqq) = τϑ

Iq q̈ −Rq
∂U2

∂l2
(−Rϑϑ−Rqq) +Rq

∂U3

∂l3
(Rqq +Rϑϑ

a) = τq

Iϑϑ̈
a +Rϑ

∂U4

∂l4
(Rϑϑ

a) +Rϑ
∂U3

∂l3
(Rϑϑ

a +Rqq) = τϑ
a

where τ is the torque applied at the joint side (for which no
direct control is available and therefore to be interpreted as
an external disturbing torque) and τϑ and τaϑ represent
the torques applied at the agonist and antagonist sides of
the actuator (to be interpreted as internal actuation
torques). As usual, the terms U3 and U4 represent the
potential energy of two additional springs:

U3 = U3(l3) = U3(Rqq +Rϑϑ
a)

U4 = U4(l4) = U4(Rϑϑ
a).

Assuming that constant torques are applied to the system
(τ = τ̄ , τϑ = τ̄ϑ and τaϑ = τ̄aϑ), equilibrium configurations
(qeq, ϑeq, ϑ

a
eq) for the system should satisfy the following

equation:
−U ′1(ϑ̂)− U ′2(ϑ̂+ q̂) = τ̂ϑ
−U ′2(ϑ̂+ q̂) + U ′3(−q̂ + ϑ̂a) = τ̂q
U ′4(ϑ̂a) + U ′3(−q̂ + ϑ̂a) = τ̂aϑ

, (3)

where we defined:

−Rϑϑeq = ϑ̂ , −Rqqeq = q̂ , Rϑϑeq
a = ϑ̂a,

τ̄ϑ
Rϑ

= τ̂ϑ ,
τ̄q
Rq

= τ̂q ,
τ̄aϑ
Rϑ

= τ̂aϑ .

Explicit calculation of the equilibrium configuration as a
function of the input torques, i.e. explicit calculation of the

functions ϑ̂(τ̂ϑ, τ̂q, τ̂
a
ϑ), q̂(τ̂ϑ, τ̂q, τ̂

a
ϑ), and ϑ̂a(τ̂ϑ, τ̂q, τ̂

a
ϑ)

requires solving (3) which is a system of nonlinear equa-
tions (in three constraints and three unknowns). Its ana-
lytical solution might be quite challenging and therefore
numerical solution results often necessary. Other quanti-
ties, such as the sensitivity of the equilibrium configuration
to input torques, can be computed analytically by means
of the implicit function theorem. Let’s define:

α =

 ϑ̂ϑ̂a
q̂

 , τ =

[
τ̂ϑ
τ̂aϑ
τ̂q

]
.

and let’s represent (3) in a compact way, with the following
definition:
−U ′1(ϑ̂)− U ′2(ϑ̂+ q̂) = τ̂ϑ
−U ′2(ϑ̂+ q̂) + U ′3(ϑ̂a − q̂) = τ̂q
U ′4(ϑ̂a) + U ′3(ϑ̂a − q̂) = τ̂aϑ

⇐⇒ f(α,τ) = 0.

By resourcing to the implicit function theorem, the equa-
tion f(α,τ) = 0 locally defines a function α(τ) (equilibrium
configuration) with sensitivity:

∂α

∂τ
= −

[
∂f

∂α

]−1
∂f

∂τ
.

as easily follows by numerical derivation of the constrain
equation f(α(τ),τ) = 0:

∂f

∂α

∂α

∂τ
+
∂f

∂τ
= 0→ ∂α

∂τ
= −

[
∂f

∂α

]−1
∂f

∂τ
.

Using the analytical expression of f given by (3), we
obtain:

∂f

∂α
=

[
∂f

∂ϑ̂

∂f

∂ϑ̂a
∂f

∂q̂

]
=

−U ′′1 − U ′′2 0 −U ′′2
0 U ′′4 + U ′′3 −U ′′3
−U ′′2 U ′′3 −U ′′2 − U ′′3

 ,
and:

∂f

∂τ
=

[−1 0 0
0 −1 0
0 0 −1

]
which eventually results in the following expression:

∂α

∂τ
=

−U ′′1 − U ′′2 0 −U ′′2
0 U ′′4 + U ′′3 −U ′′3
−U ′′2 U ′′3 −U ′′2 − U ′′3

−1
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∂α

∂τ
=



∂ϑ̂

∂τ̂ϑ

∂ϑ̂

∂τ̂aϑ

∂ϑ̂

∂τ̂q

∂ϑ̂a

∂τ̂ϑ

∂ϑ̂a

∂τ̂aϑ

∂ϑ̂a

∂τ̂q

∂q̂

∂τ̂ϑ

∂q̂

∂τ̂aϑ

∂q̂

∂τ̂q


=

−(U′′
2 U′′

3 +U′′
2 U′′

4 +U′′
3 U′′

4 ) −U′′
2 U′′

3 U′′
2 (U′′

3 +U′′
4 )

U′′
2 U′′

3 U′′
1 U′′

2 +U′′
1 U′′

3 +U′′
2 U′′

3 −U′′
3 (U′′

1 +U′′
2 )

U′′
2 (U′′

3 +U′′
4 ) U′′

3 (U′′
1 +U′′

2 ) −(U′′
1 +U′′

2 )(U′′
3 +U′′

4 )



· 1

U ′′1 U
′′
2 U
′′
3 + U ′′1 U

′′
2 U
′′
4 + U ′′1 U

′′
3 U
′′
4 + U ′′2 U

′′
3 U
′′
4

The analytical expression for ∂α/∂τ will play a crucial
role in the following sections. In particular, it will be
used to design a control policy that maintains the joint
equilibrium configuration (Section 4), to prove that this
control policy monotonically increases the joint stiffness
(Section 5), to compute the sensitivity of the equilibrium
q̂ with respect to the internal torques τ̂ϑ and τ̂aϑ (Section
6) and finally to synthesize a control policy for controlling
the joint equilibrium configuration (Section 7).

4. JOINT EQUILIBRIUM MAINTENANCE

In this section we compute a control action which does
not change the joint equilibrium configuration q̂. This
control action causes variation of the internal equilibrium

configurations ϑ̂ and ϑ̂a, which will eventually correspond
to variations of the joint level stiffness (Section 5) and
to variations of the sensitivity of q̂ with respect to the
internal toques, τ̂ϑ and τ̂aϑ (Section 6). Let’s compute the
time derivative of q̂ as follows:

dq̂

dt
=

∂q̂

∂τ̂ϑ

dτ̂ϑ
dt

+
∂q̂

∂τ̂aϑ

dτ̂aϑ
dt

+
∂q̂

∂τ̂q

dτ̂q
dt
. (4)

Given that we do not have direct control on τ̂q, let’s assume
that dτ̂q/dt = 0 so that the time derivative of q̂ results to
be:

dq̂

dt
=

[
∂q̂

∂τ̂ϑ

∂q̂

∂τ̂aϑ

∂q̂

∂τ̂q

]
︸ ︷︷ ︸

N


dτ̂ϑ
dt
dτ̂aϑ
dt
0


︸ ︷︷ ︸

δτ

, (5)

where δτ is the time derivative of the old control variable
τ , i.e. δτ = dτ/dt. In order to have constant value for q̂, we
should satisfy the equation N · δτ = 0 where an analytical
expression for N is given by the last row of the matrix
∂α/∂τ . Substitutions show that equation (5) is satisfied
by the following space of controls:

δτ =

−U ′′3 (U ′′1 + U ′′2 )
U ′′2 (U ′′3 + U ′′4 )

0

 · u · k, ∀u ∈ R, (6)

with:

k = U ′′1 U
′′
2 U
′′
3 + U ′′1 U

′′
2 U
′′
4 + U ′′1 U

′′
3 U
′′
4 + U ′′2 U

′′
3 U
′′
4 . (7)

For such control actions, the resulting time evolution of the
system equilibrium α is given by the following expression:

dα

dt
=
∂α

∂τ
δτ =

U ′′3 (ϑ̂a − q̂)
U ′′2 (ϑ̂− q̂)

0

 · u, (8)

where we explicitly indicated the dependence of U2(·) and

U3(·) on ϑ̂a, q̂ and ϑ̂.

4.1 Joint position maintenance

Changing the stiffness with the control strategy (6) has the
drawback of moving q even if dq̂/dt = 0, since the system
traverses states which are not at equilibrium. Another
strategy, proposed in this section, consists in selecting
torques at the motors such that q̈ = 0. Starting from the
dynamic equation of q:

Iq q̈ −RqU ′2(−Rϑϑ−Rqq) +RqU
′
3(Rqq +Rϑϑ

a) = τq,

we need to impose:

−U ′2(−Rϑϑ−Rqq) + U ′3(Rqq +Rϑϑ
a) = 0,

which will be sufficient to guarantee that q̈ = 0, if the
following initial conditions are satisfied: q̇(0) = 0, q(0) = q̄.
Doing the usual change of variables:

−Rϑϑeq = ϑ̄ , −Rqqeq = q̄ , Rϑϑeq
a = ϑ̄a,

τ̄ϑ
Rϑ

= τ̄ϑ ,
τ̄q
Rq

= τ̄q ,
τ̄aϑ
Rϑ

= τ̄aϑ .

we have:

−U ′2(ϑ̄+ q̄) + U ′3(ϑ̄a − q̄) = 0,

which implicitly defines a local relationship ϑ̄a(ϑ̄) (once
again thanks to the implicit function theorem). Deriving
twice the expression above we obtain:

d2ϑ̄a

dt
=

d

dt

(
U ′′2
U ′′3

)
dϑ̄

dt
+
U ′′2
U ′′3

(
d2ϑ̄

dt2

)
,

where the accelerations of ϑ̄a and ϑ̄ can be retrieved from
the following equations:

τ̄ϑ =−Iϑ ¨̄ϑ− U ′1(ϑ̄)− U ′2(ϑ̄+ q̄),

τ̄aϑ = Iϑ
¨̄ϑa + U ′4(ϑ̄a) + U ′3(ϑ̄a − q̄).

Easy substitutions lead to:

τ̄aϑ =Iϑ

(
d

dt

(
U ′′2
U ′′3

)
dϑ̄

dt
+
U ′′2
U ′′3

(
d2ϑ̄

dt2

))
+ U ′4 + U ′3

=Iϑ

(
d

dt

(
U ′′2
U ′′3

)
dϑ̄

dt

)
+ U ′4 + U ′3 −

U ′′2
U ′′3

(τ̄ϑ + U ′1 + U ′2)

This last expression in practice gives the torque τaϑ to
give to the antagonist muscle as a function of the torque
given to the agonist, τϑ, in order to maintain the position
of q unchanged. If this control strategy is applied in
between two equilibrium configurations (null velocities and
accelerations), it is easy to conclude the equilibrium of q
should not be changed and therefore the control strategy
that we just proposed can be also used, equivalently to (6),
to move the system across equilibrium states that do not
change q̂.
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5. JOINT LEVEL STIFFNESS

In this section we compute the joint level stiffness, defined
as the sensitivity of the equilibrium configuration q̂ with
respect to variations of the external torque τ̂ q. Analyti-
cally, this quantity coincides with ∂q̂/∂τ̂q and therefore it
can be extracted as the element (3, 3) in the matrix ∂α/∂τ :

∂q̂

∂τ̂q
= −U

′′
1 U
′′
2 U
′′
3 + U ′′1 U

′′
2 U
′′
4 + U ′′3 U

′′
4 U
′′
1 + U ′′1 U

′′
3 U
′′
4

(U ′′1 + U ′′2 )(U ′′3 + U ′′4 )
.

Easy calculations show that we have:

∂q̂

∂τ̂q
= − 1

1
1

U′′
1

+ 1
U′′
2

+ 1
1

U′′
3

+ 1
U′′
4

. (9)

This last equation represents the intuitive result that the
joint stiffness is the series of parallel of springs, nominally
the series of U1, U2 in parallel with the series of U3, U4

seen in Eq. (2). This property can be exploited to find a
simple way to increase monotonically the system stiffness
(which is desirable for disturbance rejection). It is indeed
intuitive to conclude that global stiffness will increase if
all individual stiffnesses (U1, U2, U3, U4) are increased.
A control strategy to increase all stiffnesses is hereafter
described. Let’s consider the control action Eq. (6) that
maintains the equilibrium position q̂. According to (8),
this control action corresponds to the following internal
variables displacement:

dϑ̂/dt = U ′′3 (ϑ̂a − q̂)
dϑ̂a/dt = U ′′2 (ϑ̂+ q̂).

If U ′′2 > 0 and U ′′3 > 0 in the entire workspace, we can

easily conclude that both ϑ̂a and ϑ̂ are increasing under the
control action (6). Moreover, if U ′′′1 > 0, U ′′′2 > 0, U ′′′3 > 0
and U ′′′4 > 0, we can conclude that this control action
is increasing individual stiffnesses thus corresponding to
a monotonically increasing value for ∂τ̂q/∂q̂, i.e. the joint
level stiffness.

6. SENSITIVITY OF EQUILIBRIUM TO INTERNAL
ACTUATION TORQUES

In this section we focus our attention on the quantity
∂q̂/∂τ̂ϑ which represents the sensitivity of the joint posi-
tion q̂ with respect to the internal torque τ̂ϑ. Thanks to the
symmetry of the system, the properties hereafter discussed
will hold for the analogous quantity ∂q̂/∂τ̂ϑ. From the
expression of ∂α/∂τ given in Section 3, we have:

∂q̂

∂τ̂ϑ
=

U ′′2
U ′′1 + U ′′2

∂q̂

∂τ̂q
,

(10)

and inverting the expression above we have:(
∂q̂

∂τ̂ϑ

)−1
=
U ′′1 + U ′′2
U ′′2︸ ︷︷ ︸
g(ϑ̂,q̂)

(
∂q̂

∂τ̂q

)−1
︸ ︷︷ ︸

joint stiffness

. (11)

In the following we give sufficient (but not necessary) con-
ditions for guaranteeing that the control action (6) leads
to decreasing values of either ∂q̂/∂τ̂ϑ or ∂q̂/∂τ̂ϑa . At the

control level, this is a desirable property because it allows
to have finer control over the variable q̂ (since identical
variations in the control variables τϑ, τaϑ will correspond to
smaller steps in the equilibrium configuration for q̂). From
(11), we notice that this property is guaranteed if both the
joint stiffness and the function g(ϑ, q) are increasing. From
Section 5, we already know that both the joint stiffness and

the variables ϑ̂a and ϑ̂ are increasing under the control
action (6), which keeps q̂ constant. Therefore we are left

with guaranteeing that g(ϑ̂, q̂) is non-decreasing in ϑ̂. Easy
computations show that:

∂g

∂ϑ̂
> 0 ⇐⇒ U ′′1

U ′′′1
<
U ′′2
U ′′′2

.

In case U1 = U2 = U , the above condition can be written
as follows:

U ′′(ϑ̂)

U ′′′(ϑ̂)
<
U ′′(ϑ̂+ q̂)

U ′′′(ϑ̂+ q̂)
.

If q̂ > 0, we are left with guaranteeing that the function
U ′′/U ′′′ is monotonically increasing. If q̂ < 0, we can
consider ∂q̂/∂τ̂ϑa and a similar property will hold in

consequence of the fact that U3 is a function of ϑ̂a − q̂.
In practice, what we have just given are conditions for
guaranteeing that the control action (6) leads to finer
control of q via τaϑ or τϑ, the choice depending on which
of the two actuators (agonist U1, U2 or antagonist U3, U4)
is pulling more.

7. POSITION CONTROLLER

In this section we describe how to control the equilibrium
configuration of the joint variable q. Starting from (5), we
can try to find solutions to the following equation dq̂/dt =
Nδτ = v so as to define a new control input v which
directly acts on time variations of q̂. The generic solution of
this linear problem (imposing, as usual, direct control only
on the internal torques) is given by the following (which is
an extension of (6)):

δτ =

U ′′2 (U ′′3 + U ′′4 )
U ′′3 (U ′′1 + U ′′2 )

0

 · v · k1 +

−U ′′3 (U ′′1 + U ′′2 )
U ′′2 (U ′′3 + U ′′4 )

0

 · u · k2,
(12)

with:

k2 =U ′′1 U
′′
2 U
′′
3 + U ′′1 U

′′
2 U
′′
4 + U ′′1 U

′′
3 U
′′
4 + U ′′2 U

′′
3 U
′′
4 ,

k1 = k22

(
(U ′′2 (U ′′3 + U ′′4 ))

2
+ (U ′′3 (U ′′1 + U ′′2 ))

2
)
.

The new control variable v acts directly on the time
derivative of q̂, while u monotonically changes the joint
stiffness maintaining a constant value for q̂.

8. SIMULATIONS

We tested the proposed analysis on a simulation of the
actuator represented in Fig. 3 with additional damping for
making the system stable (please contact the authors for
a complete list of the parameters used in the simulation).
Selected springs are cubic U1(x) = U2(x) = U3(x) =
U4(x) = 1/3x3 and therefore satisfy all the required
conditions outlined in Section 5 and 6 when used in
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Fig. 4. Left graph: joint stiffness variation. Right graph:
joint position q (in blue) and joint equilibrium q̂ (in
red) variations in response to the control action (6).

Fig. 5. Variation of the sensitivity ∂q̂/∂τ̂ϑa in response to
the control action (6).

elongation (x > 0). Responses to a control action (6)
are as expected, in response to an input u described as
follows: u(t) = t − 1, t ∈ [1, 2], u(t) = −t + 3, t ∈ [2, 3]
and u(t) = 0 otherwise. The left graph in Fig. 4 plots
the joint stiffness, while the right graph shows the joint
equilibrium configuration q̂ (in red, constant as expected),
and the corresponding joint position q transient response
(in blue). The sensitivity ∂q̂/∂τ̂ϑa is instead plotted in Fig.
5, and as expected the variation in response to the control
action (6) leads to a monotonically decreasing value for
the sensitivity of q̂ with respect to τ̂ϑa .

9. CONCLUSION

In this paper we characterized some important control
properties of a novel variable stiffness actuator. The pro-
posed design takes inspiration from the agonist-antagonist
configuration of muscles in biological systems. The design
is based on custom non-linear springs, whose potential en-
ergy was left unspecified in the theoretical analysis. After
a characterization of the system stiffness, we proposed a
control action (6) sufficient for guaranteeing a monotoni-
cally increasing joint stiffness, a desirable property for aug-
menting the system disturbance rejection. This property
was guaranteed with minimal requirements on the spring
potential energy (basically positiveness of the derivatives).
Another analyzed property was the sensitivity of joint
equilibrium position with respect to the control inputs;
again, sufficient conditions on the spring potential energy
were given in order to guarantee that the control action (6)
was monotonically decreasing this sensitivity (a desirable
property when trying to control joint position at a finer
scale). A realization of the proposed actuator is foreseen
to test the utility of these theoretical results on the real
system.
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